In multi-station assembly systems, common for mass-customization manufacturing strategies, the product being assembled is held in a fixture attached to a pallet, and the pallet is conveyed between workstations. In high-precision assembly systems, variation in the position of the pallet is one of the largest sources of variation within the error budget, reducing quality and yields. Conventional approaches to locating pallets use pins and bushings, and a method for predicting their repeatability is presented. This paper also presents an exact constraint approach using a split-groove kinematic coupling, which reduces variation in pallet location by an order of magnitude.
Introduction
Nearly all products require that manufactured parts be assembled together into a final product. The assembly process is conducted manually and/or automatically using assembly machines. The term "assembly automation", popularized around World War II, refers to the mechanized feeding, placement, and fastening of manufactured components into a complete product assembly. Since tooling and equipment is often dedicated to a particular product, automated assembly is generally reserved for mass-produced components, where the expense of custom tooling and equipment can be distributed over many units. During the 1970s and 1980s, much engineering and research effort concentrated on exchanging hard automation for flexible automation by incorporating re-programmable equipment such as robots and computer controlled machinery. Flexible automation prolonged the life of capital equipment, and consequently, automated assembly became economical for lower-volume production. More recently, reduced time-to-market and shortened product life cycles provided further incentive for flexible automation using computer-controlled equipment. For these reasons, automated assembly machinery is now commonly used for many products.
To achieve economical production, assembly tasks are frequently executed simultaneously on several product units using multiple machines. This generally requires that the machines or workstations be organized into an assembly system, and the products are then transported between machines or manual workstations. There are three principal categories of assembly systems: synchronous, non-synchronous, or continuous assembly systems. Synchronous systems cyclically index the products to individual machines simultaneously with fixed frequency. In non-synchronous systems, the assembly machines operate independently, and the index time depends upon the task time at each machine. Non-synchronous systems therefore employ buffers between the machines or stations to accommodate different task times at each station. In continuous systems, the product remains in constant motion, and the tasks are performed while the product travels.
All three types of assembly systems require that the product be transported through the system. In synchronous and non-synchronous systems, the product units are stationary at each assembly machine or workstation. Therefore, the product unit must be statically positioned with respect to each assembly machine. A common approach is to hold each product unit in a fixture attached to an assembly pallet as illustrated in Fig. 1a . Then the pallets can be moved synchronously or non-synchronously throughout the assembly system using a pallet transportation system. Multi-station assembly systems Poisson's ratio for spherical surface ρ estimate of repeatability σ max i maximum tensile stress at contact point i τ max i maximum shear stress at contact point i often use conveyor belts as illustrated in Fig. 1b , and they generally operate non-synchronously. This paper presents designs and techniques for precisely positioning assembly pallets at individual machines within assembly systems. Two separate approaches, pins-in-holes and exact constraint, are compared on the basis of stiffness and positional repeatability. It is shown that the repeatability of the exact constraint approach is much better than with the pins-in-holes approach. Although the static stiffness of the pins-in-holes approach can be greater, the stiffness of exact constraint is usually sufficient for most assembly tasks. Therefore, in precision assembly systems, the advantage of positional repeatability using exact constraint often outweighs additional improvement in static stiffness.
Positioning with pins in holes
A common technique for positioning one body with respect to another is to mate a set of pins (fixed in one body) inside a set of holes (in the second body). This pins-in-holes (PIH) technique is non-deterministic since contact between the two bodies may or may not occur. If contact occurs, it is difficult to anticipate the locations of contact, quantity, or sizes of any contact regions. This uncertainty arises from manufacturing errors in:
(1) distances between the pins or holes, (2) diameters of the pins or holes, (3) straightness of the pins or holes, (4) parallelism of the pins or holes, and (5) cylindricity of the pins or holes.
Since PIH approaches are non-deterministic, their performance (repeatability and stiffness) is difficult to analyze or predict a priori, especially if more than two pins and two holes are used. The relation between design parameters (e.g. diameter of pins, clearance between pins and holes, distances between pins/holes) and performance cannot be expressed analytically for PIH configurations. As a result, it is often necessary to experimentally measure the repeatability and stiffness with actual manufacturing errors. For these reasons, we are limited to estimating planar repeatability for PIH de- signs employing only two pins and two holes (Section 2.2) and a qualitative discussion of static stiffness (Section 2.3).
Design of pins-in-holes positioning technique
A PIH positioning system may use any quantity of pins and holes, and as the quantity of pins and holes increases, the precision of the positioning improves and the stiffness increases. However, systems with more than two holes and two pins require tighter tolerances to prevent binding while mating the two objects. If the clearance between the pins and holes is insufficient to accommodate manufacturing errors then binding occurs, and large forces are necessary to elastically deform the pins and holes. Design precautions, which degrade the precision and stiffness, are necessary to reduce the chance of binding due to manufacturing errors.
The most obvious and common design precaution is to increase the clearance between the outer diameter (OD) of the pins and the inner diameter (ID) of the holes by manufacturing the holes slightly larger than the pins. This precaution accommodates many types of manufacturing errors, but dramatically reduces repeatability and stiffness of the PIH design. Another precaution reduces the sensitivity to manufacturing errors in the roundness, straightness, and parallelism by minimizing the length of engagement between the pin and hole. This is frequently accomplished using pins with large rounds or bullet noses that lead into shorter cylindrical regions, such as those shown in Fig. 2 . A third design pre- caution uses one round pin ( Fig. 2a) and one diamond shaped pin ( Fig. 2b ) to reduce the sensitivity to a difference in the distance between pins and the distance between holes. The diamond pin is manufactured with two sharp corners and two rounded corners. The rounded corners have approximately the radius of an equivalent round pin. The distance between the two sharp corners should be less than the diameter of an equivalent round pin, and the distance between the two rounded corners is approximately equal to the diameter of an equivalent round pin. The diamond pin is oriented during assembly so that one of the sharp corners points directly toward the round pin. This insures that the rounded corners point perpendicular to a line connecting the centers of the two pins. Fig. 3 illustrates an industry standard pallet that uses the PIH positioning technique [1] . In this pallet system, two of the design precautions are applied. A round pin is used along with a diamond pin, and the tolerances are such that clearance is guaranteed between the pins and holes. The pallet is constructed of a steel or aluminum plate surrounded with a polyimide frame. Hard bushings with ground bores are pressed into the plate, and hard pins with ground surfaces are attached to the machine or assembly station (represented by plate in Fig. 3 ). The geometry, dimensions, and tolerance for the ground pins and bushings for the pallet system illustrated in Fig. 3 are summarized in Table 1 . According to the tolerance specifications, the minimum pin diameter is 11.952 mm (0.4705 in.), and the maximum bushing bore diameter is 12.0178 mm (0.4731 in.). Hence, the worst-case diametric clearance is about 66 m (0.0026 in.). The manufacturer of the pallet system illustrated in Fig. 3 specifies that their pallets are repeatable to within ±50 m (±0.002 in.) [1] .
Estimating precision of pins-in-holes positioning
The precision, or two-dimensional repeatability, of a particular PIH design is difficult to predict a priori since the pallet's position is non-deterministic and depends upon manufacturing errors. However, an estimate of the worst-case limit on repeatability can be obtained as an envelope that bounds possible translation and rotational errors. This section presents a technique for determining that envelope for PIH designs that use a bullet-nose round pin, a bullet-nose diamond pin, and two bushings. The clearance is assumed sufficient to prevent binding. The diameter and geometric form of the pins and holes is assumed perfect (roundness and straightness), and contact is assumed to occur only around the circumference of the pins. The clearance between a pin and hole, c, is defined in Eq. (1) to be the difference between the nominal diameter of the pins, D p , and nominal diameter of the holes, D h : Fig. 4 illustrates the errors between two rigid bodies connected with a PIH design using two pins and two holes. The distance between the two pins is d p , and the distance between the two holes is d h . The clearance between the pins and holes is exaggerated for illustrative purpose. Since PIH is a planar positioning technique, we are only concerned with errors in three degrees of freedom: translation in the x direction, translation in the y direction, and a rotation angle. Two crosshatched circles represent the pins in the stationary object (machine base or workstation). The errors are measured in a reference coordinate system with origin, O, located at the center of Pin 1 with x-axis pointing towards the center of Pin 2.
The coupled body (pallet) is shown in two distinct orientations. The two orientations are the extreme cases of rotational error, limited when Hole 2 contacts Pin 2. In the first orientation (solid lines with crosshatching), Pin 2 contacts Hole 2 at Point A, and in the second orientation (dashed lines without crosshatching) Pin 2 contacts Hole 2 at Point B. Both orientations are illustrated with the same translation error, δ , that has components δ x and δ y in the x and y directions of the reference coordinate system located at the center of Pin 1.
The potential range of rotational error, θ, depends upon the direction and magnitude of the translation error, δ . For instance, a translation error solely in the x direction with magnitude equal to the clearance will not permit any rotational error, but a translation error solely in the y direction with magnitude equal to the clearance permits rotational error. Therefore, an expression for the range of permissible rotational error as a function of translation errors is needed to evaluate the potential repeatability errors of a PIH design. The centers of Hole 2 in the two extreme orientations lie at the intersections of two theoretical circles, labeled as Circle A and Circle B in Fig. 4 . The center of Circle A is at the center of Hole 1 (Point C), and its radius is equal to the distance between the two holes, d h . Circle A represents the locus of points traced by the center of Hole 2 when a rotation occurs about Point C. Points that lie on Circle A satisfy Eq. (2):
The center of Circle B is at the center of Pin 2, and its radius equals the difference between the radii of the hole and pin. The radius of Circle B equals the maximum distance between the center of Pin 2 and Hole 2 that can ever occur. Points that lie on Circle B satisfy Eq. (3), which is written in terms of the diametric clearance, c:
In the two extreme orientations, the center of Hole 2 could be located at either Point D or E. The coordinates of Points D and E in the reference coordinate system can be determined by solving Eqs. (2) and (3) as a system of simultaneous non-linear equations. The coordinates of Points D and E are designated as (x D , y D ) and (x E , y E ), respectively, and can be readily calculated using iterative techniques. Once the coordinates Points D and E are determined, the lengths of edges along triangle CDE can be calculated. The lengths of the triangles edges (l DE , l CD , and l CE ) are given by Eqs. (4)- (6):
The potential range of rotational error, θ, equals the angle between the edges CD and CE. Since the three edges' lengths are known, the angle θ can be calculated using the Law of Cosines as shown in Eq. (7):
Although Eqs. (2)- (7) yield a general solution, the analysis for most PIH systems, including pallet positioning, can be approximated with a simpler closed-form solution that does not require iterative methods. The approximate solution is derived with a few reasonable assumptions. Small clearances are assumed so that D h and D p are approximately equal, and the distances between the two pins and two holes are assumed to be equal (so that d p equals d h ). The coordinates for Points D and E approximated with these assumptions is distinguished using ∧ above the variables,
The approximate coordinates in the x-direction,x D andx E , are equal; their value is simply the sum of the translation error in the x direction and the distance between the pins as given in Eq. (8). The approximate y coordinates,ŷ D andŷ E , for the centers of Hole 2 in both orientations are given by Eqs. (9) and (10), respectively:
For most applications, the distance between the pins is much greater than the clearance (d p c), and therefore, l CD and l CE are approximately equal the distance between the pins, d p . Substituting the approximate coordinates from Eqs. (8) to (10) and d p for l CD and l CE into Eq. (7) yields a closed-form estimate for the potential range of orientation error,θ. Note that the approximate range of angular error does not depend upon δ y :
From Eq. (11), it is evident that the maximum rotational error, θ max , occurs when the translation error is zero (δ x = 0). Accordingly, the approximate maximum rotation error is given in Eq. (12) . This result matches engineering intuition in that reducing the clearance and increasing the distance between pins reduces rotational errors:
Finally, an envelope bounding the repeatability errors for a particular PIH design can be specified. Due to the circular perimeter of holes and pins, the translations in both the x and y directions are limited within a circle of radius c/2; hence, the translation errors are bounded by −c/2 and c/2. The rotational errors are bounded within −θ max /2 andθ max /2. A visual interpretation of these limits to repeatability errors is obtained by graphically plotting θ max orθ max as a function of δ x and δ y . The translation errors in the x and y directions are plotted along the x and y axes, and the range of rotational error is plotted along the z-axis. Fig. 5 shows a graph of the repeatability limits for the examplary PIH pallet system shown in Fig. 3 with d p = 287.5 and c = 0.0661 mm. The range of rotational errors shown in Fig. 5 was determined using the approximate solution method. For this particular PIH pallet system, the maximum range of rotational error is calculated to be around 2.3 × 10 −4 radians. This rotational error is amplified over the length of the pallet into a translation error of around 0.07 mm. For this analysis, the difference between the estimated solution and the solution obtained by solving the simultaneous equations is only −4.2 × 10 −7 %, and thus, the approximate solution is adequate. 
Stiffness of pins-in-holes positioning
All assembly pallets are subjected to disturbance forces that occur during assembly operations. At each workstation, these forces have particular magnitudes, act in particular directions, and are applied at particular positions on the pallet, fixture, or workpiece. Disturbance forces produce elastic deformation in the pallet, fixture, workpiece, and at the contact regions between the pallet and the workstation. The contact stiffness due to the pallet's positioning technique affects the amount of deflection and errors that result from disturbance forces. In precision assembly systems, the fixture and pallet are stiff to minimize errors due to elastic deformation. Hence, elastic errors at the contact points are generally not negligible in the error budget and should be considered when evaluating a pallet positioning technique.
For PIH designs, the stiffness of the contact regions depends upon the clearances between the pins and holes, the size and quantity of any contact areas, amount of friction between the coupled bodies, and the degree of loading. Because of manufacturing variation in pallets, pins, and bushings, these parameters cannot be known deterministically, and therefore, the static stiffness of a PIH design cannot be predicted a priori. Therefore, the relationship between PIH design parameters and static stiffness is discussed qualitatively.
Disturbance forces applied in the z direction (parallel to the axis of the pins) are typically transferred directly from the pallet to the workstation without transmitting much of the force through contact areas between the pins and holes. The contact areas in the z direction are often large flat surfaces on the bottom of the pallet and large flat surfaces on the workstations. The stiffness in the z direction depends, however, upon the geometry of the pallet and the elastic modulus of the materials. In the commercial pallet system, a polyimide frame contacts a metal plate in the workstation. With suitable construction and materials, substantial static stiffness in the z direction is obtainable, and reasonable estimates of stiffness in the z direction can be determined using elasticity models or finite element analyses (FEA). 3 Fig. 6 shows the results of an FE analysis of the commercial pallet subjected to a force of 1 N in the center of the pallet. The static deflection is about 1.52 × 10 −7 m, providing static stiffness of about 6.58 × 10 6 N/m.
Typically, the pins are used only for positioning, and so clamping forces are often applied to achieve lateral stiffness. With strong clamping forces, the stiffness for a particular PIH design can be quite large. However, if the pins are not initially in contact with the holes, then sliding (translation and/or rotation) might occur until the pins contact the holes, and the range of possible sliding errors can be estimated using the model described in Section 2.2. If clamping forces are insufficient and sliding occurs, then disturbance forces applied to the pallet in the tangential direction are transmitted from the pallet to the workstation through conforming contact between the pins and holes. When contact exists between the pin and holes, the stiffness depends upon the size of the contact area between the pins and the holes. With tight clearances (slip-fits and/or press-fits) and large engagement lengths, the stiffness is typically sufficient for pallets. However, this greatly compromises the ease of placing the pallet on the workstation and separating the pallet from the workstation. Thus most PIH pallet systems typically maintain clearance between the pins and holes and rely on clamping for lateral stiffness.
Positioning with exact constraint devices
An alternative approach for positioning pallets uses exact constraint devices between the pallets and workstations [2]. The term "exact constraint" refers to the fact that the pallet is neither over constrained nor under constrained [3] ; sufficient constraints are applied to restrict exactly six degrees of freedom. Kinematic couplings are one form of exact constraint devices. Designers of instrumentation and optical systems have used kinematic couplings for many years [4] [5] [6] [7] [8] , but their application in manufacturing processes and machines is more recent [9, 10] . In pallet positioning, we consider the two bodies to be the machine base and the pallet. The challenge is to provide static stiffness and prevent tipping of the pallet when subjected to a variety of disturbance forces. Kinematic couplings connect two bodies through contact at six points, exactly enough for static equilibrium. Six independent contact points ensures that the coupled body (pallet) is statically determinant but not over-constrained. Kinematic couplings come in a few alternative configurations that differ according to the relative locations of the six contact points, the geometry of the contacting surfaces, their preload mechanism, and the contacting materials. The two most common configurations are the Kelvin coupling and the three-groove coupling [4] . The Kelvin coupling, illustrated in Fig. 7a , establishes six contact points by mating three balls on the first body with the surfaces of a tetrahedron, a vee-groove, and a flat on the second body. The three-groove coupling, illustrated in Fig. 7b , establishes six contact points by mating three balls on the first body with the surfaces of three vee-grooves on the second body. The split-groove coupling in Fig. 7c establishes six contact points by mating four balls with two vee-grooves and a split vee-groove in the second body. The split-groove coupling is amenable to supporting rectangular plates, where geometric constraints prevent using the configurations illustrated in Fig. 7a or b . The tipping resistance, after contact is established at all six points, can be greater for a split-groove configuration since it increases frictional moments. Hale [11] described a similar split-groove configuration for use in an optics assembly for the National Ignition Facility at the Lawrence Livermore National Labs.
Kinematic couplings gain two significant advantages by ensuring that the body is statically determinant. First, no elastic strain or deformation is induced in the coupled body due to forced congruence at additional contact points or surfaces. The second advantage is that a preferred relative position and orientation between the two bodies exists (due to minimizing potential energy). Unfortunately, since the contact between the bodies is limited to six points, the reactions at the contact points are distributed over very small areas; thus Hertzian stresses at the contact points are large when large disturbance forces are applied to the pallet (or in some cases the workstation). The elastic strain at the contact points that arises with the contact stress also limits the static stiffness between the coupled bodies. In addition, unless the preload is sufficiently high, loads applied to the pallet may cause the pallet to tip.
Design of split-groove kinematic couplings
Since many aspects of kinematic couplings can be analyzed, the design procedure enables a deterministic [12] approach. Several design and analysis aspects of kinematic couplings are described in precision engineering literature [13, 14] , so a comprehensive presentation of the methods is not necessary here. Instead, a synopsis of the procedure is presented along with appropriate references to supplementary literature. Fig. 8 illustrates a procedure for designing kinematic couplings that consists of design and analysis phases. The first step in the design phase is selecting a configuration for the kinematic coupling. Although the most common configurations are the Kelvin coupling and the three-groove coupling, the split-groove coupling presented here is more suitable for integration with conveyor lines and rectangular pallets. In these applications, the area beneath the pallet must remain clear to avoid the conveying or indexing system.
The second design step is selecting the topography of the contacting surfaces. The topography considers the geometric shape of the contacting surfaces and whether the pallet contains the vee-grooves or balls. A simple topography is the case of a spherical surface contacting a flat surface on the assembly workstation. This topography is easy to analyze and produce since precise balls are readily available for tooling applications and smooth flat surfaces are easily manufactured. Depending upon the application, other topographies such as those illustrated in Fig. 9 may be employed. For instance, employing conforming geometry such as a ball in a canoe can dramatically reduce contact stresses and increase contact stiffness. Van Doren described this technique to locate machinery modules for semiconductor manufacturing equipment [15] .
The third design step is selecting appropriate materials for the contact points. The perfect material should have a high yield strength to withstand contact stresses, high hardness to minimize wear, and high toughness to prevent brittle fractures on the surface. For achieving greatest repeatability, the contacting materials should also have low friction (lubricant may be used in some cases). Schouten and Schellekens [16] showed that hysteresis due to friction can be dramatically reduced by cutting flexures into the grooves to give them tangential compliance while maintaining high stiffness in the direction of contact. Appropriate materials therefore include ceramics like tungsten carbide, silicon nitride, alumina, as well as hardened tool or stainless steels.
The final step is designing a method for preloading the pallet to the assembly workstation. Preload refers to a bias force that ensures contact between the pallet and the workstation regardless of disturbance forces. As described by Slocum [17], preload is essential in achieving precision, and two fundamental means are employed in mechanical systems: opposed geometry and applied external forces. Since opposed geometry (as used in recirculating ball bearings) requires the manufacture of extra high precision surfaces, applying external forces is often more economical. For example, permanent magnets were used in metrology equipment to apply external preload forces [18] .
Blanding [3] describes a method to consider the placement and direction of preload forces. The method uses instantaneous centers of rotation and the geometric intersection of friction cones. The friction cones, with included angles equal to the friction angle, are constructed about the normal vectors at each contact point. To effectively nest a kinematic coupling, sliding must occur at the contact points. If preload forces pass through the geometric intersection of the friction cones, then sliding does not occur. The intersection of the friction cones is significantly smaller for a three-groove coupling than for a split-groove coupling. Therefore, care must be taken when specifying preload forces that will achieve reliable nesting in a split-groove configuration. When feasible, it is beneficial to place preload forces symmetrically near the contact points to minimize hysteresis due to pallet bending and friction.
Analysis of pallets with split-groove kinematic couplings
The analysis phase illustrated in Fig. 8 consists of six steps. First, a model of the kinematic coupling's geometry and dimensions is constructed using position vectors that locate the contact points. All applied forces or moments should be represented as vectors, and the application points of the forces should be specified with corresponding position vectors. The third step is to calculate the reaction forces at the six contact points by solving the simultaneous equations derived from static equilibrium. Neglecting friction, the directions of the reaction forces are known a priori since they are normal to the contacting surfaces. The sign of the reaction forces indicates whether the coupling remains in static equilibrium under the applied loads; if it is not, then both the geometry of the configuration and alternative configurations should be reconsidered.
If the coupling remains in static equilibrium for all possible assembly forces or moments, then the next step is to calculate the stress, strain, and elastic deformation produced at the contact points by the reaction forces. The final step is to determine the errors at the locations of the assembly operations that result from the translation or rotation of the pallet due to the elastic deformation at the contact points. This step is essential since small rotations of the pallet produce translation errors that are amplified by the distance to the assembly operation.
The geometry of a split-groove kinematic coupling is described with position vectors that are based in a Cartesian coordinate system located at the coupling centroid within the plane of the balls' centers. Six position vectors, P C i , locate the contact points, and four position vectors, P B j , locate the balls' centers. Six unit vectors, n i , act through the contact points, normal to the contacting surfaces. The six normal vectors point in the direction from the groove surfaces and towards the balls' centers. These vectors are all illustrated in Fig. 10 , and can be expressed parametrically as functions of the designer's preferred dimensions, e.g. coupling length, width, coupling angle, and ball diameter.
Following the approach presented by Schmiechen and Slocum [14] , the equations of static equilibrium are written in matrix form as shown in Eq. (13) . The system matrix, [K] , relates the applied loads, LA, to the reaction forces at the contact points, RC.
[K] is calculated using the position and normal vectors as shown in Eq. (14) . LA is a 6 × 1 vector of forces and moments that is calculated as the sum of loads due to weight, LW, preload forces, LP, and disturbance forces LD as shown in Eq. (15) . Any forces or moments that arise due to assembly operations are treated as disturbance loads. The six reaction forces at the contact points are calculated as the components of the 6 × 1 vector RC:
After determining the reaction forces in RC, the distribution of stress near the contact points should be evaluated, and material failure should be considered. This is generally done assuming Hertzian contact [19, 20] , and Slocum [21] provides a convenient form of the equations. The magnitude of the stress, strain, and deformation at the contact points depends upon the topography at the contact points (Fig. 9) and the contacting materials. Ductile materials are likely to fail due to shear stress beneath the contacting surface, and brittle materials are likely to fail due to tensile stress near the edge of the contact area. If a comparison of the maximum stresses with the material strength indicates failure, then the design can be improved by changing dimensions, materials, or contact topography.
In the three configurations of kinematic couplings illustrated in Fig. 7 , a sphere contacts a flat surface. For this simple case, the contacting surfaces are axi-symmetric about the surface normal vector, and so the contact area at the ith contact point is circular. The radius of the circular contact area, a i , is given in Eq. (16) as a function of the reaction force at the contact point, R C i , the diameter of the contacting sphere, D s i , and the equivalent modulus of elasticity, E e . Eq. (17) gives E e in terms of the moduli of elasticity and Poisson's ratios for the sphere and flat surfaces:
For the case of a sphere contacting a flat surface, Johnson [20] gives simple expressions for the maximum shear stress and maximum tensile stress. Eq. (18) gives the maximum shear stress at the ith contact point, τ max , which should be considered for ductile material failure. The maximum tensile stress at the ith contact point, σ max , should be considered for failure of brittle materials, and it depends upon Poisson's ratio for the contacting material and is given in Eq. (19):
The compressive reaction forces at the contact points produce strain in the contacting bodies so that the ith sphere and flat approach each other by distance, δ C i , which can be calculated with Eq. (20) . The deformations at all six contact points are grouped into a 6 × 1 vector, δ C :
Due to the deformation at the six contact points, a rigid pallet translates and rotates with respect to a coordinate system in the machine base. Since this motion is undesirable, it is referred to as the pallet's error motion. The rigid body translations and rotations are components of a vector, δ E , as shown in Eq. (21), and they are measured in the Cartesian coordinates at the coupling's centroid (Fig. 10) . As shown by Schmiechen and Slocum [14] , δ E can be calculated using the transpose of the inverted system matrix and the contact deformation vector as shown in Eq. (22):
Homogenous transformation matrices (HTMs) provide an effective method to represent translations and rotations between successive coordinate systems, and an introduction to this approach is available from Craig [22] . The translations (δ x , δ y , δ z ) and rotations (ε x , ε y , ε z ) associated with the pallet's error motion are therefore collected in the HTM given in Eq. (23), assuming small rotation angles.
[T E ] represents the transformation between coordinate systems at the coupling centroid in the machine base and pallet that differ by the error motion. The position of a point on the pallet or fixture after the error motion is then determined by premultiplying a position vector that locates the point with [T E ]:
Small rotations that occur at the coupling centroid produce displacement errors at other positions on the pallet or fixture.
To assess this effect on assembly operations, it is necessary to calculate the position error, P E , at each point on the fixture or pallet where assembly operations are conducted. Each operating point should be located with a position vector, P o , measured in the coupling's centroid coordinate system. The position error, expressed in Eq. (24), is then the difference between the position of the operating point before and after the error motion:
Conditions for tipping due to disturbance loads
It is likely that assembly operations will subject a pallet to a range of disturbance forces, and so the combination of the pallet weight and preload forces should be sufficient to prevent tipping or sliding of a kinematically coupled pallet. This condition is satisfied when contact exists at the six contact points as indicated when the reaction forces at the contact points are all positive. This condition is expressed in Eq. (25) , where R C i is the reaction at the ith contact point and a component of the reaction force vector, RC:
The condition may be rewritten in terms of the applied loads and row vectors from the inverted system matrix [2] . In Eq. (26), the condition is expressed as the dot product between the ith row vector of the inverted system matrix, K
, and the disturbance load, LD, should be less than the dot
and the sum of the loads due to weight and preload. As demonstrated in the following section, this condition can be used to graphically visualize a bounded region, limited by the six values on the right hand side of Eq. (26), in which the kinematic coupling should not tip due to in sufficient preloading:
Pallets employing split-groove kinematic couplings
The procedures described in Sections 3.1 through 3.3 were applied in the design of a split-groove kinematic coupling for improving the commercial pallet system [2] . The pins and bushings within the commercial pallet were not used; instead, a split-groove kinematic coupling was incorporated into a fixture that fastened onto the commercial pallet. Hard stainless steel (440C) tooling balls were fastened to the fixture plate, and hard stainless steel (440C) vee-grooves were incorporated into the assembly workstation. The split-groove configuration made it possible for the vee-grooves to straddle the width of the pallets' conveyor system and eliminated the need for a vee-groove in the center of the conveyor system. The pallet was preloaded into the vee-grooves using a set of 12 permanent magnets, six in the fixture plate and six in the machine base. The magnetic preload was sufficient to ensure that the pallet remained in equilibrium for a range of disturbance forces, but the preload was not excessive for manually removing the pallet off of the workstation. Fig. 11 shows photographs of the split-groove kinematic pallet system. The vee-grooves and the permanent magnets in the workstation base can be seen in Fig. 11a. Fig. 11b shows the bottom of the pallet plate that contains four balls and six preload magnets. Fig. 11c shows the fixture and pallet kinematically coupled to the workstation base. The dimensions of the split-groove kinematic coupling are listed in Table 2 . Using these dimensions, the position vectors to the contact points and normal vectors illustrated in (27) is calculated by substituting the components of the position vectors and normal vectors into Eq. (14) . Knowing the system matrix and any applied forces enables the determination of the reaction forces at the contact points with Eq. (13) . The critical contact stress at each contact point is determined using the Hertzian relations for a sphere contacting a flat surface, Eqs. (16)- (19) , and the errors are eval- [20] : 
Since the pallet is subject to a range of disturbance forces, it is necessary to ensure that the pallet will not tip using the condition presented in Section 3.3. Within the assembly workstation, the forces applied to the kinematically coupled pallet include the pallet's weight, six preload forces, and disturbance forces that occur during the assembly operations. The weight of the pallet is approximately 64.7 N, and the preload is the result of six pairs of neodymium permanent magnets that each generates a force of about 22.3 N. During assembly operations, an insertion force of about 135 N presses downward on the pallet. The insertion forces are applied along a line that is parallel to the x-axis between x = −96.84 and 225.3 mm; the y-and z-coordinate are −44.37 and 89.10 mm, respectively. A summary of the force components and the position vectors that locate the application points of the forces are listed in Table 5 .
The six conditional functions given in Eq. AAA) were determined from Eq. (26) and are associated with each contact point. Evaluating the right-side of Eq. (26) yields a constant value, but the left-side of the inequality is a function of the The values on the left side of the inequalities are plotted as contours in Fig. 12a-c . A bold contour indicates the boundary associated with the constants given on the right side of Eq. (28). In the regions where values in the contour plots are less than the constant, the corresponding ball remains in contact with the flat surface. Fig. 12d shows the intersection of the boundaries for each contact point and the boundaries of the disturbance region. Since the equilibrium boundaries are outside the disturbance region, the pallet remains in equilibrium without tipping.
Precision of kinematically coupled pallets
Kinematic couplings are known for their ability to precisely position one object with respect to another with extreme repeatability [16, 25] . The principal reason for any non-repeatable behavior is the interaction between friction and structural compliance. Although analytical methods for relating design parameters to repeatability are not thoroughly developed, Hale suggested the relation given in Eq. (29) as an estimate of repeatability [23] . Hale derived the estimate as if the coupling's compliance in all directions is equal to a single Hertzian contact carrying a load P and having a relative radius, R, and elastic modulus, E [24] :
Since friction forces are uncertain and inconsistent, analytical techniques for assessing repeatability should be treated only as estimates. For this reason, accurate assessments of a kinematic coupling's repeatability should be determined experimentally. For instance, Slocum experimentally measured the repeatability of a three-groove coupling (356 mm diameter) and found that its axial and radial repeatability were on the order of 0.30 m [25] . Schouten and Schellekens measured the repeatability of a kinematic coupling that incorporated flexures for tangential compliance at the contact points and found that the hysteresis was reduced by a factor of 10× to less than 0.1 m [16] . The repeatability of the split-groove kinematic pallet shown in Fig. 11 was assessed experimentally. The experiments were conducted on the apparatus shown in Fig. 13 , which duplicated the geometry of the machine base in the assembly workstation, including the vee-grooves, the split vee-groove, and the preload magnets. The pallet was lifted and dropped onto the grooves by a pneumatically actuated lift-plate. The lift-plate was guided by die set bushings, and it separated from the pallet at the bottom of travel to prevent over constraining the pallet's position. Capacitive displacement sensors were mounted around the perimeter of the pallet to measure the variation in the position of the pallet. Each sensor provided an analog signal (±10 V) proportional to the change in the distance between the face of the sensor and a steel target attached to the pallet (±50 m). A 16-bit data acquisition system measured signals between ±5 V, providing a resolution around 0.76 nm/bit.
In factory-like environmental conditions, the split-groove kinematic pallet was lifted and dropped thousands of times over 2 days, and the gap distance was measured each time. cycles produced cyclic fluctuations with a period of about 24 h and maximum amplitude of about 10 m in Sensor 1. The pneumatic system's air pressure produced additional periodic fluctuations with a period of approximately 2 h. Even with the periodic fluctuations associated with the thermal and pneumatic cycles, the pallet was repeatable to within ±5 m. This represents a 10× improvement over the conventional pallet that employed pins-in-holes, which is only repeatable to about ±50 m.
Conclusion
Mass customization strategies are generating renewed interested in flexible manufacturing and assembly systems, even in products requiring high precision. To reduce the amount of manufacturing variation, it is necessary to consider the precision of alternative techniques for locating pallets at workstations. The conventional approach uses pins-in-holes, but the precision of this technique is often limited by the clearances between locating bushings and pins. A method for estimating the amount of expected variation in the position and orientation of a pallet that uses the pins-in-holes technique was presented. Kinematic couplings provide an alternative technique, which exactly constrains the location and orientation of the pallet. The procedure and analyses used in designing kinematically couplings is presented and demonstrated in designing a split-groove kinematic coupling for assembly pallets, which gives the appearance of four-point support thus enhancing pallet stability. Experimental measurements of the kinematically coupled pallet demonstrated an order of magnitude reduction in the variability of the pallet's location compared to the conventional pins-in-holes technique. Therefore, split-groove kinematic couplings provide great advantage for achieving precise locations of pallets in multi-station assembly systems. With appropriate consideration of preload forces, the split-groove kinematic coupling can be effective when conventional three-groove couplings are not feasible due to geometric constraints.
